Conditions concerning openness of continuous real functions defined on topological spaces are studied. It is shown that for locally compact metrizable spaces interiority of the function at a point is equivalent to having no local extremum at this point if and only if the domain space is connected im kleinen at the point. Some related results are some obtained and open questions are posed.
In this paper interrelations are studied between some conditions which concern openness of a real function (defined on a topological space), absence of any local extremum of this function at a given point, and local connectedness of the domain space. Additionally, although this investigation is related to the behaviour of real functions on metric or even on topological spaces in general, it has its roots in functional analysis. Namely, a theorem has been proved in [6] concerning sufficient conditions under which a Lipschitzian real function defined on a subset of a Banach space X has a Lipschitzian open extension over the whole space X . Subsequently, the third named author faced the problem of how to extend the above-mentioned result to (either all or some) topological or metric spaces X . A natural question that comes with this problem, and which seems to be interesting enough to warrant special attention, is what spaces admit an open (continuous) mapping onto the real line R? Even a surface observation of continuous functions from reals to reals suggests that openness, and lack of local extrema, may be linked. However, the existence of a local extremum, considered as an obstruction to openness, is a local property; therefore it violates openness at a point, or in a neighbourhood of the point. So, in these circumstances, a localization of openness should be considered rather than the global notion. Further study of the topic leads to the conclusion that local connectedness of the domain space plays a role in solving the problem. A careful analysis of a variety of considered conditions indicates that connectedness im kleinen at a point is a more adequate property than local connectedness at this point. The obtained results, and unsolved problems related to the topic, are presented below. Let us mention that interiority of real functions has been a subject of interest to topologists for more than fifty years (see, e.g., [9] ).
Let topological spaces X and Y be given and let f : X → Y be a function from X into Y (not necessarily continuous). The function f is said to be interior at a point p ∈ X (see [8, p. 149 f is open if and only if f is interior at each point of its domain. For the structure and topological properties of the set Int f of all points p ∈ X at which the function f : X → Y is interior see [1] .
Let R denote the space of reals. A well known concept of a local extremum of a real function can be formulated as follows. A function f : X → R has a local extremum at a point p ∈ X provided that there exists a neighbourhood U of p such that f (U ) is contained in the closure of a component of R \ { f ( p)}. OBSERVATION 1. If a function f : X → R (not necessarily continuous) is interior at a point p ∈ X , then f does not have any local extremum at p.
Proof. Indeed, if f has a local extremum at p, then there is an open neighbourhood U of p such that f (U ) is contained in the closure of a component of
as a boundary point, so f is not interior at p.
A natural question as to whether the above implication can be reversed has an immediate negative answer: the function f :
shows this by considering its behaviour on a neighbourhood of a point p = 1/2. However, even if continuity of f is assumed, a suitable example can be shown. To this aim we recall the concepts required. A space X is said to be connected im kleinen at a point p ∈ X provided that each neighbourhood of p contains a connected neighbourhood of p. Note that X is connected im kleinen at p if and only if for each neighbourhood U of p, the point p belongs to the interior of a component of U . In a similar manner another concept is defined, closely related to the previous, namely the concept of local connectedness. A space X is said to be locally connected at a point p ∈ X provided that each neighbourhood of p contains a connected open neighbourhood of p. A space X is said to be locally connected if it is locally connected at each of its points. It is obvious that local connectedness at a point implies connectedness im kleinen at this point, but not conversely. For details see e.g. [4, p. 113] . But globally the two notions coincide, i.e. if a space is connected im kleinen at each point, then it is locally connected (see [4, p. 114] [8, p. 18] ) use the phrase 'locally connected at a point' in the sense of 'connected im kleinen at a point'. EXAMPLE 2. There exist a plane continuum X , a point p ∈ X , and a continuous function f : X → R such that X is not connected im kleinen at p, the function f is not interior at p, and f does not have any local extremum at p.
Proof. In fact, put
Then X is not connected im kleinen at p = (0, 0), and it is easy to see that f has the required properties.
This example shows that the inverse implication to that of Observation 1 is not true in general, even for continuous functions. However, it holds if the space X is additionally assumed to be connected im kleinen at the considered point. Proof. Take an arbitrary neighbourhood U of p, and let V be a neighbourhood of p such that f is continuous at each point of V . Since the space X is connected im kleinen at p, the neighbourhood U ∩ V of p contains a connected neighbourhood W of p. Hence, by continuity of f on V , the set f (W ) is a connected subset of R containing f ( p). Furthermore, since f does not have any local extremum at p, there are points p 1 and p 2 in W such that
, and so f is interior at p. The proof is then complete.
COROLLARY 4. Let a topological space X be connected im kleinen at a point p ∈ X . Then a continuous function f : X → R is interior at p if and only if it does not have any local extremum at p.

COROLLARY 5. A continuous real function defined on a locally connected topological space is open if and only if it has no local extremum.
Note that continuity of f on some neighbourhood of p cannot be relaxed in Proposition 3 to its continuity at the point p only. To see this, consider the following example. It would be interesting to know how far the equivalence between interiority of a real function at a given point of its domain and absence of any local extremum at this point is related to connectedness im kleinen of the domain space at the point. By Corollary 4 we know that connectedness im kleinen of X at p implies the discussed equivalence. So, a problem arises for what topological spaces X the equivalence implies connectedness im kleinen of the domain space X at the point p. Since one implication in the equivalence is always true (see Observation 1), the problem can be formulated more precisely as follows. PROBLEM 7. Characterize topological spaces X and points p ∈ X having the following property: (7.1) if every continuous function f : X → R which does not have any local extremum at the point p ∈ X is interior at p, then X is connected im kleinen at p.
The following theorem gives a partial answer to this problem. Recall that the intersection of all closed and open subsets of a space containing a given point is called a quasi-component of this point.
THEOREM 8. If a metrizable space X is locally compact at a point p ∈ X , then it has property (7.1) at p.
Proof. Let X be not connected im kleinen at p. Therefore there is a neighbourhood U of p such that if C means the component of U to which p belongs, then p ∈ bd C. The same holds for every neighbourhood of p contained in U , hence in particular for every compact neighbourhood of p contained in U . Thus we may assume that U is compact. For compact spaces components are equal to quasi-components, hence p belongs to the boundary of the quasi-component of U . Thereby there are subsets F 1 , F 2 , . . . of U which are both closed and open in U and such that F n+1 F n and p ∈ bd {F n : n ∈ N}.
Moreover, by relabelling the F n if necessary, we may assume that, for all n ∈ N, the set F n \ F n+1 meets the ball of radius
Thus g is continuous. Note that g( p) = 0 and that g has no local extremum at p. Since F 1 is closed in U (hence in X ), it follows from Tietze's theorem that there is a continuous extension f : X → R of g. Thus f is not interior at p and it has no local extremum at this point. The proof is then complete.
As a consequence of Proposition 3 and Theorem 8 we obtain the following result. Proof. The implication from (9.1) to (9.2) holds by Proposition 3. Trivially (9.2) implies (9.3). And (9.3) implies (9.1) just by Theorem 8.
In the next theorem conditions are described under which if a continuous real function defined on the product of two spaces has no local extremum at a point at which the domain space is not connected im kleinen, then it is interior at this point. As a particular case we obtain an example showing that assumptions of Theorem 8 are essential. For these purposes we need a notation and a definition.
We denote by π i : X 1 × X 2 → X i the natural projection of the product of spaces X 1 and X 2 onto the ith factor, for i ∈ {1, 2}. It is well known that π i is continuous and open.
Recall that a subset of a topological space is said to be totally disconnected provided that it does not contain any non-degenerate connected set, i.e., provided its connected components are singletons. Proof. To prove (10.1) it is enough to observe that D × X 2 , which is obviously open in the product X 1 × X 2 , does not contain any connected neighbourhood of a point, i.e., does not contain any connected subset with nonempty interior. In fact, let C ⊂ D × X 2 be connected. Thus π 1 (C) is a connected subset of D, hence a singleton, so it has empty interior. Since π 1 is open, C also has empty interior. As a consequence (10.1) holds. To show (10.2) take a continuous function f :
Since every continuous real function is constant on X 1 , we have f = f * • π 2 . Continuity and openness of π 2 implies that f * has no local extremum at p 2 . By Proposition 3 the function f * is interior at p 2 , and therefore the composition f * • π 2 is interior at p. Thus (10.2) is proved. The proof of the theorem is complete. REMARKS 11. Conditions are known under which every continuous real function defined on a topological space is constant. We recall some of them.
11.1. Let a topological space X have the property that the closures of any two nonempty open sets in X have a nonempty intersection. Then X is connected, and any continuous function f : X → R is constant.
In fact, if X were non-connected, then X would be the union of two disjoint open sets. Thus these sets would be simultaneously closed, and so their intersection could not be non-empty. Suppose there is a continuous function f : 
11.2. Let a topological space X be countable and connected. Then any continuous function f : X → R is constant.
Indeed, if there were a non-constant continuous real function f on X , then the image f (X ) would contain any interval; but this is impossible since cardinality of X is smaller than that of an interval.
Remarks 11.1 and 11.2 and Theorem 10 lead to the following corollary. . Therefore, the assumption of (7.1) holds trivially.
REMARK 17. As the reader has certainly observed, the space X of Example 16 has a property that is a localization of the property considered for the space X 1 of Theorem 10; namely in Theorem 10 every continuous real function on X 1 had to be constant, and here in Example 16 every such function has to be constant on some neighbourhood of the point ω 1 .
Finally let us note that neither Proposition 3 nor Corollary 4 can be reversed in the sense that condition (9.3) does not imply (9.1). In other words, local compactness of X at p is an essential assumption in the proof of the implication from (9.3) to (9.1) of Theorem 9. To see this, consider the following example. EXAMPLE 18. There exists a non-locally compact space X in the plane R 2 and a point p ∈ X such that X is not connected im kleinen at p and which satisfies equivalence (9.3). a 0 , a 1 , a 2 , . . . tending to 0, and for each positive integer n let {b n,k : k ∈ N} be a decreasing sequence of numbers lying in [a n , a n−1 ] and tending to a n . Define
Proof. Choose a decreasing sequence of positive numbers
and p = (0, 0), and put
It is evident from the construction that X is not locally compact at p. If U is a neighbourhood of p, let n be the least positive integer such that U ∩ I n,k = ∅ for some k ∈ N. Then U ∩ I n,k is a non-degenerate open and closed subset of U , so U is not connected. This shows that X is not connected im kleinen at p. To see that X satisfies equivalence (9.3) consider a continuous function f : X → R. If f is interior at p, then it does not have any local extremum at p by Observation 1. To prove the opposite implicaton assume, in contrast that f is neither interior at p nor has any local extremum at this point. Thus there is an open neighbourhood U of p such that f ( p) ∈ bd f (U ). Without loss of generality we may assume that f ( p) = 0, 
This is because otherwise f (U ) would contain the whole interval with end points f (x) and f (y) containing f ( p) = 0 in its interior, contrary to 0 ∈ bd f (U ).
CLAIM 2. The function f does not change its sign on the set U ∩ {I n,k : k ∈ N}, i.e., if y ∈ U ∩ I n,k for some k ∈ N and f (y) = 0, then f (x) f (y) > 0.
In fact, if n is odd, then f keeps the sign of its values on the segment I n,k and on the segment I n,k by Claim 1. Consider the right end points of these segments i.e., points e = (a n−1 , b n,k ) and e = (a n−1 , b n,k ), assuming that e, e ∈ U . By continuity of f there are neighbourhoods V and V of e and e respectively, both contained in U , such that the sign of f |V equals the sign of f (e) and the same for the signs of f |V and of f (e ). Since both e and e are limit points of the union {I n−1,i : i ∈ N} of the family of vertical intervals I n−1,i , there exists i 0 ∈ N such that for each i > i 0 we have I n−1,i ∩ V = ∅ = I n−1,i ∩ V . Since f cannot change the sign of its values on I n−1,i by Claim 1 (applied to this segment), the signs of the f values on I n−1,i ∩ V are the same as on I n−1,i ∩ V . Thus f (e) f (e ) > 0, which completes the argument for the case when n is odd. An argument for n even is exactly the same. Thus Claim 2 is shown.
Again considering the neighbourhoods V and V of the end points e and e of the segments I n,k and I n,k respectively, and using continuity of f we infer as previously in the proof of Claim 2 that the sign of the values of f | {I n,i : i ∈ N} is the same as the one for f | {I n−1,i : i ∈ N}. Consequently, using (finite) induction from n back to 1 we conclude the next claim. 
